Introduction
The flow of a thin fluid film with a single free surface has been the subject of intense investigation for a number of years, see [1, 2] for example. Recently a new level of complexity has been added to the problem by coupling the flow to a solidification model. Poots [3] has studied the steady flow of a water layer on an ice surface forming on a cylindrical power cable. Myers et al [4] study the unsteady flow of a solidifying fluid layer on a flat substrate, with the primary motive of predicting ice accretion on aircraft. The purpose of the current paper is to generalise such models. In the following a model will be developed to predict the flow and solidification of a thin fluid layer on an arbitrary three-dimensional surface. By setting the solid thickness to zero a general thin film flow model is obtained. This is the first general, three-dimensional curvilinear thin film flow model in the published literature.
The primary motivation for this work is the prediction of ice shapes on structures and aircraft. Ice accretion has been modelled for many years, following the pioneering work of Stefan [5, 6] . An informative account of structural icing may be found in Poots [3] . Lock [7] deals with numerous forms of icing, including structural and in-flight. Structural icing is of particular interest in the US and Canada following the 'Great Ice Storm' of 1998 which caused billions of dollars of damage to power transmission and communication networks [8, 9] . Ice accretion has been shown to be the prime cause of a number of in-flight incidents and crashes and is therefore of ongoing concern to aircraft manufacturers throughout the world [10, 13] . The work described in Myers et al is currently being used in a commercial aircraft icing code, ICECREMO [11, 12] . An overview of aircraft icing may be found in [10, 11, 13] .
Other processes involving the solidification of a thin flowing liquid layer include coating and spray forming. Coating has a vast number of applications, a number of references may be found in [1] . Spray forming, where an object is formed by the continual deposition of a fine spray, is studied in [14, 15] .
Structural and aircraft icing typically occurs when supercooled droplets from clouds, freezing rain or drizzle impact on a cold surface. In very cold conditions the droplets freeze almost instantaneously to form rime ice. In this situation the ice growth rate is proportional to the amount of fluid impacting at each point, known as the 'catch' or 'collection efficiency'.
Rime ice accretion is relatively well understood. In milder conditions a proportion of the impacting fluid can remain liquid for some time. This leads to glaze ice accretion. Since glaze accretion involves a liquid layer flowing on top of the ice surface, glaze ice shapes are significantly more difficult to predict than rime ice and consequently poorly understood.
In the following section, §2, the accretion and flow model is derived. Since the flow is the most complicated part of the model this is dealt with first in §2.2. The approximation employed to derive the flow model is not the standard lubrication approximation which requires both the square of the aspect ratio, 2 , and the reduced Reynolds number, 2 Re, to be small. In the following terms of O( , 2 Re) will be neglected. This is not a significant restriction to lubrication theory since for many practical applications 2 Re > and so the leading order result is not affected. On the other hand, the derivation and expressions for fluid flux and velocities are significantly simplified by this approach. Dry accretion is dealt with in §2.3.1. Wet accretion, which must be coupled to the flow model, is dealt with in §2. 3.2 . In §3 the model is reduced to standard geometries: flat surface, cylinder and sphere.
Numerical results are presented for each of these situations and also accretion on an aerofoil in §4.
2 Governing equations for fluid flow and solidification
Non-dimensionalisation
The following derivation is in non-dimensional form, all variables are defined in the Nomenclature section. The non-dimensional variables are related to their dimensional counterparts (which are denoted by overbars) as follows:
where H and L represent height and length-scales. Note, this means that the dimensional co-ordinates must have the dimension of length. Care should be taken when the natural parameterisation involves an angle, for example in cylindrical co-ordinates s 1 = θ is an obvious choice, but the correct choice in the current theory is the arc-length, s 1 = Rθ. The aspect ratio = H/L 1. The time-scale
is determined by the rate at which fluid enters the system. In situations where there is no fluid impacting at the free surface, ρ a W = 0, the time-scale should be chosen according to the driving forces for the flow. However, the following theory remains the same. The local velocity of the droplets in the air is denoted W, this is scaled with a typical value W , the fluid velocity scale U = L/τ . is defined by r = R(s 1 , s 2 ), where (s 1 , s 2 ) are orthogonal surface co-ordinates. Provided the accretion or fluid layer is thin, a point in the accretion or fluid layer may be defined by
Fluid flow
where 1 is the aspect ratio, η is the co-ordinate orthogonal to the substrate and n is the unit normal. To determine the derivatives in the governing equations the scaling factors h 1 , h 2 , h 3 must first be determined. These are defined as
where the first fundamental forms are
and F = 0 since (s 1 , s 2 ) are orthogonal. The curvatures are defined as
The second fundamental forms are
where M = 0 since (s 1 , s 2 ) are geodesic co-ordinates. In deriving (6), (7) and M = 0 the derivatives of ∂R ∂s 1 · n = 0 = ∂R ∂s 2 · n with respect to s 1 and s 2 have been used.
With the standard lubrication approximation, as well as neglecting terms of order κ, the components of the Navier-Stokes equation may now be written as
where the scale-factors h i have been used to determine the derivatives. The unit vectors in the (s 1 , s 2 ) directions are
and the normal n = e 1 × e 2 . The Bond number B = /µ and gravity balances pressure gradient in equation (10) . However, since this case is a simple and limited extension of the present analysis (which has also been covered previously [4] ) the gravity term in equation (10) will be neglected from now on. For an incompressible fluid the continuity equation is
Equations (8) - (10), (12) require solving subject to the following boundary conditions.
On the accreting surface, η = b, there is no slip
At the free surface, η = b + h, there is continuity of shear and normal stresses
where A i = h 0 A i /(µU ) denotes the non-dimensional shear stress. The shear could be due to a constant air shear [4, 18] , or surface tension gradient [16, 17, 28] . The normal stress condition, (14) , involves the ambient pressure, p 0 , the mean curvature at the free surface, κ , and an inverse capillary number, C = 2 σ 0 /µU which represents the ratio between surface tension and viscous forces. It is denoted C to distinguish it from the standard inverse capillary
may vary with position, in which case the shear stress components, A i , represent the surface tension gradient. When dealing with derivatives of pressure the derivatives of surface tension must also be calculated, see [28] for example. When the surface tension is constant σ ≡ 1.
The mean curvature at r = R + (b + h)n is the sum of the principal curvatures in the s 1 , s 2 directions, κ = κ 1 + κ 2 . The principal curvatures are the eigenvalues of
where
2 ) the curvatures are simply
Hence
When the flow is driven by pressure gradient it is clear from (18) that, whenever the substrate curvature is non-constant and O(1) it is the substrate curvature, κ 1 + κ 2 , that dominates the surface tension terms and therefore drives the flow. In this case the final terms of O( C ) in equation (18) should be neglected. When the mean substrate curvature is small, At the accretion-fluid and fluid-air interfaces there is continuity of mass flux:
where ρ k and u k are the density and velocity in each phase and u b is the velocity of the boundary between the two phases, n is the normal to the surface. (20) where
with a similar expression for ∂r/∂s 2 . Therefore
The values for the velocities at the accretion-fluid interface, required in (19) , are
where u 1 is the fluid velocity (which is zero in the s 1 , s 2 directions due to the no-slip condition), u 2 is the solid velocity and ρ 1 = ρ f , ρ 2 = ρ s . To leading order in the normal velocity
If the fluid and solid densities are the same then w = 0 on η = b. Normal fluid motion only occurs if there is a density difference and the fluid must move to accommodate the new solid.
At the air-fluid interface the normal is
and the velocities are
where u 1 , u 2 now represent the air (droplet) and fluid velocities respectively. The velocity of the incoming fluid is denoted W. As with gravity this will be expressed in an external (as opposed to surface) co-ordinate system. The density of the fluid in the air is denoted ρ a . The factor ρ f /ρ a occurs due to the chosen time-scale. In dimensional form the velocity
where U = L/τ and according to
The density of fluid in the air stream is, in practical situations, significantly less than the density of the fluid film, ρ a ρ f . In the following ρ a /ρ f will be neglected with respect to O(1) terms. To leading order in the normal velocity condition at η = b + h is therefore
The pressure is determined by integrating (10) subject to (18) 
The O( C ) terms are retained in this expression so that flows over a constant curvature surface may be modelled. Since it is pressure gradient, rather than pressure, which may drive a flow, when κ 1 , κ 2 are constant the driving force consists solely of the O( C ) terms.
The driving force is then O(C) where C = C is the standard capillary number. The velocities are determined by integrating (8), (9) subject to (13), (14)
As discussed in the introduction terms of O( ) have been neglected in deriving this expression. However, it is a simple matter to integrate the velocity equations whilst retaining O( ) terms. The velocity expressions then involve logarithms of η. In the limit → 0 equations (29), (30) are retrieved. Weidner et al [27] have used the logarithmic form in a study of flow on a cylinder.
Integrating the continuity equation across the film gives
Substituting for w via (24) , (27) and evaluating the integrals leads to
where ∇ s represents the surface operator,
and
Equation (32) is the governing equation for the fluid flow. It demonstrates that the film thickness varies due to fluid flux, solidification rate and the rate at which fluid enters the system. The flux terms (34) , (35) show that the fluid is driven by pressure gradient, gravity (along the surface) and surface shear. Provided the substrate is not horizontal everywhere, the pressure gradient depends on the ambient pressure (which may vary significantly around an aerofoil for example) and surface tension. Equation ( 
Solidification
The energy balance is derived subject to the following assumptions:
1. The Peclet number, P e 1.
2. The previous approximations hold, ,
Assumption 1 means that the energy transfer across the layers is driven by conduction rather than advection. Assumption 2 may be strengthened to the standard level for lubrication approximation with 2 1 without affecting the following analysis. It will also be assumed that there is perfect thermal contact between the accretion and substrate and that the substrate temperature is constant. This means that the substrate has a high thermal mass and conductivity. A consequence of this restriction is that a proportion of the initial incoming fluid must solidify. Fluid flow may only occur once a solid layer exists to insulate the fluid layer from the substrate. With the current non-dimensionalisation the appropriate boundary condition is T = 0 at η = 0. Obviously it is a simple matter to adapt this to an imperfect thermal contact and a variable substrate temperature by choosing a cooling condition. For one-dimensional ice accretion this is considered in Myers & Hammond [19] .
Due to this final assumption the accretion occurs in two stages. First, dry accretion occurs. In this case the accretion shape is completely determined by a mass balance. After a certain amount of time fluid flows over the accretion. The problem is then governed by combined mass and energy balances.
Dry accretion
Initially there is no fluid flow and all terms on the left hand side of the mass balance (32) are identically zero. The solid height is therefore given by
In general the air flow varies with space and time and the solution of (36) must be determined numerically. However, if the air flow and droplet trajectories remain constant in time it may be integrated immediately
Fluid will first appear when the accretion temperature reaches the freezing temperature.
To determine when this occurs the thermal problem must be analysed. The temperature is specified by
where ] is small and therefore may be neglected. The same approximation will hold for other physically realistic situations however, care should be taken to ensure P e 1 before applying the following approximations. Provided P e 1 equation (38) reduces to a quasi-steady form at leading order:
This requires solving subject to the following conditions. At the free surface η = b a heat flux condition holds:
The energy terms E 0D and E 1D can incorporate quantities such as latent heat, kinetic energy, radiation, conduction and convection. If the air flow varies with time the energy terms will also be time dependent. Details of these terms for structural and aircraft icing may be found in [3, 4, 13, 21] . As discussed, at the solid substrate, η = 0, there is continuity of temperature:
The appropriate solution of (39) is
Fluid first appears when the top of the layer, η = b, reaches the fusion temperature T = 1. The corresponding accretion thickness, b f , may be determined by solving (42) with
If accretion occurs for a sufficiently short time, so that b is never greater than b f , then fluid will not appear. It is also possible that the ambient conditions are such that fluid will never
In either case the accretion shape is determined by (36) or (37) .
The temperature is given by (42) and the problem is completely solved.
Wet accretion
Once the accretion surface has reached the fusion temperature fluid will appear on the surface. The mass balance (32) involves two unknowns, the accretion and film heights, b and h. To close the system an energy balance is required.
At the accretion-fluid interface, η = b, the energy balance is
where E is the enthalpy of each phase and χ is the fluid temperature. The velocities are specified by equation (23) and the normal on the accreting substrate by (22) . The gradient
∂/∂s 2 , 1/ ∂/∂η). Equation (44) states that the energy created during the phase change is conducted away from the interface either through the accretion or the fluid layer. Substituting for the velocities and expanding (44) leads to
The Stefan number
, is the ratio between the phase change energy and the conductive energy. The latent heat of fusion is defined as the jump in enthalpy
To solve equation (45), expressions for the ice and water temperature gradients are required. Again, provided P e 1, the leading order heat equations simplify to quasi-steady forms:
Two boundary conditions are required for each of these equations. The first three use the fact that the temperature of the ice and the water at the interface is the fusion temperature and the temperature at the bottom of the ice layer is zero:
A heat flux condition is applied at the top of the water layer:
where the two coefficients, E 0F and E 1F , include kinetic energy, radiation, conduction, convection and evaporation. They may be time dependent if the air flow varies with time. The solution of equations (46) is then straightforward. The temperature profiles are:
The energy balance (45) can be expressed in its final form:
The first term of the right hand side of equation (51) (48) is applied at the substrate it is possible that b f = 0. However, in this situation the first term on the right hand side of (51) 
Reduction of the governing equations to standard forms
During the initial stages all of the incoming fluid solidifies and the height b is determined through the mass balance (36) or (37). The temperature is specified by equation (42) . The accretion continues to be specified by (36) or (37) until the surface, η = b, reaches the phase change temperature. The accretion thickness at this stage is specified by equation (43) .
Subsequently fluid will appear. The flow depends on the geometry and this will be discussed in the following sections. The energy balance for wet accretion, (51), holds in all geometries.
For simplicity the surface tension will be taken as constant in all the examples, so σ ≡ 1.
Flat substrate
When the substrate is flat the surface may be specified by setting s 1 = x, s 2 = y and R = (x, y, 0). The first and second fundamental forms are
According to equation (11) the substrate and normal vectors are
The fluid pressure, specified by equation (28), is
The flow is governed by equation (32) where the surface operator, equation (33), is
The fluxes are
The pressure is defined by equation (52) and g · e 1 = cos θ, g · e 2 = cos φ where θ and φ represent the inclination of the x and y axes to the horizontal.
In the absence of solidification b ≡ 0. If W = 0 the standard equation for the flow of a thin film on a flat surface is retrieved. It has been studied extensively, see [1, 2] for example.
With W = 0 the model describes the flow of an evaporating or condensing thin film, see [2, 38] for example. With b and W non-zero the model reduces to that describing ice accretion and water flow on a flat surface [4] . A version of this model is currently being used in the ICECREMO aircraft icing code [11, 22] .
Circular cylinder substrate
In cylindrical polars the substrate may be parameterised with s 1 = Rθ, s 2 = z (note, as discussed in §2.1, s 1 is a length). The substrate is then defined by R = (R cos θ, R sin θ, z),
where R is the constant cylinder radius. For flow on the outside of a cylinder the outward normal is n = (cos θ, sin θ, 0), flow on the inside requires n = −(cos θ, sin θ, 0). The first and second fundamental forms are therefore
The curvature terms are
where κ 1 > 0 denotes flow inside a cylinder, κ 1 < 0 denotes flow on the outside. The pressure
The flow is governed by equation (32) with
The fluxes Q 1 and Q 2 are
where the pressure is defined by equation (58) and
Surface tension driven axisymmetric flow both inside and outside a cylinder has been considered in [2, 23 -31] . Neglecting gravity, air shear, derivatives in the θ direction and setting b = 0, W = 0 the governing equation reduces to
This equation has been used to describe bubble motion in a capillary tube and the RayleighTaylor instability in a thin film [23 -25] . The ratio h/R 2 is termed the hoop stress. It behaves like a negative gravity term, acting to pull the fluid away from the substrate and therefore destabilises the flow. With gravity acting in the z-direction another term proportional to
/∂z is introduced into (63), this is discussed in [30, 31] . Weidner et al [27] investigate flow on a horizontal cylinder. However, initially they retain the full curvature terms in order to permit droplet formation on the underside of the cylinder. This leads to the flux containing logarithmic terms, as discussed in §2.2. Subsequently these authors expand the log term with h/R 1 to obtain a similar flux expression to that given above. Jensen [26] considers flow in a circular cylinder with small curvature along the axis. This equation is most easily retrieved by altering the above definition of the substrate to describe a torus R = R 1 (cos θ, sin θ, 0) + R 2 (cos θ cos φ, sin θ cos φ, sin φ) and setting R 2 R 1 .
With b and W non-zero the model describes solidification on the surface of a cylinder. This is of particular interest to the power transmission industry for icing on cables or icicle formation [8, 20] .
Non-circular cylinder substrate
A non-circular cylinder may be described by the substrate R = (f (s), g(s), z). The parameter s represents arc-length, so ∂f ∂s
where the subscript s denotes derivatives with respect to that variable. The normal is n = ±(−g s , f s , 0), where the ± sign determines whether the normal points inwards or outwards.
The first and second fundamentals are
The curvatures are therefore
The fluid pressure is
The pressure is specified by equation (65) and the surface vectors are specified by (11) .
The equations governing flow on a circular cylinder, derived in the previous section, may be retrieved by setting s = Rθ and f = cos(s/R), g = sin(s/R).
Schwartz & Weidner [29] consider surface tension driven flow on an arbitrary twodimensional surface. Neglecting air shear, gravity, derivatives in the z-direction and setting b = 0, W = 0 equation (32) , in this case, reduces to
where κ 1 = g ss /f s . There are two main differences between (67) and the corresponding equation in [29] . Firstly, equation (67) is in non-dimensional form. This makes it clear that when κ 1 = O(1) and is non-constant it is the substrate shape alone that drives the flow to leading order. The problem in this case is governed by
The second difference is that the term κ 2 1 h is absent in [29] . This occurs as a result of their expansion of the free surface curvature. Only two terms are taken in this expansion, κ 1 and h ss . A neglected term, κ 2 1 h, occurs at the same order as h ss and therefore should also be retained. This is particularly relevant when κ 1 = ±1/R is constant. In this case κ
is the hoop stress term observed in equation (63). When the curvature is small, so that
This is the equation derived in [29] , which is therefore strictly valid for non-constant curva- 
Spherical substrate
In this case the surface is parametrised by s 1 = Rθ, s 2 = Rφ where θ and φ represent the usual polar and azimuthal angles and R is the radius of the sphere. The substrate is then R = R(sin θ cos φ, sin θ sin φ, cos θ) and the normal n = ±R/R. The first and second fundamental forms are
The flow is governed by (32) with
Numerical solution method
The general mathematical model for fluid flow and accretion is specified by equations (32) and (51). In the absence of accretion the flow model is typical for thin film free surface flows which are notoriously difficult to solve both analytically and numerically. If the fourthorder surface tension term is neglected then shocks are likely to develop, particularly in the vicinity of a moving contact line. Another difficulty associated with the contact line is the inability of the lubrication approximation to accurately predict fluid behaviour in this region [32] . It is well-known that the no-slip velocity boundary condition at z = 0 leads to a multi-valued velocity field in the vicinity of the contact line. This results in a non-integrable stress singularity. A number of methods to overcome this difficulty have been developed, such as the introduction of a precursor layer, replacing the no-slip condition by a Navier slip condition or allowing rolling in an inner region and matching to the outer lubrication model [1] . In the following a precursor layer of thickness h p will be employed. Since the fluid flow is the most problematic aspect of the numerical solution this will be dealt with first in §4.1 and 4.2. The coupling with the accretion model is a relatively simple extension and will be dealt with in §4.3.
Fluid flow on a two-dimensional surface
In the absence of accretion, the equation governing the two-dimensional fluid flow is:
where Q 1 is specified by equation (34) . This is discretised with constant space and time steps ∆s 1 and ∆t. The water height at the centre of the i − th cell of the grid at time t = k∆t is denoted h k i . Provided the numerical domain is sufficiently large, equation (76) may be solved with the boundary conditions that the first and second derivatives of the flux are zero (due to the presence of the precursor layer the flux is not necessarily zero at the boundaries).
A typical finite difference scheme in conservative form for equation (76) is [33, 35] :
where is the surface tension term, which increases with the curvature. However, in many practical situations there will exist a region of sufficiently high curvature at the front of the flow to cause numerical problems. To prevent this a shock capturing technique, as described in [4] , will be employed.
Since equation (76) is nonlinear, calculating all terms implicitly in the flux is not possible.
An alternative method is presented in [36] where the derivatives of the film height are evaluated at time t = (k + 1/2)∆t, using the Crank-Nicolson method, all other terms are calculated explicitly, at time t = k∆t. To achieve this the flux is divided into two parts,
, where:
The first term is discretised using a Crank-Nicolson scheme, see [36] :
The second part, Q
II
, contains the terms likely to produce shocks. Numerical experiments carried out in [4, 44] indicate that the Roe & Sweby scheme with the 'Superbee' limiter provides accurate solutions whilst permitting relatively large time-steps. This requires that this part of the flux is split once again: 
and Q II i denotes the second part of the flux calculated at the centre of the i − th cell with a centred scheme at time k∆t. Equation (76) is now fully discretised and the film height
may be determined by solving equation (77) with the flux specified by equations (78) and (79). This leads to a system of n linear equations and the problem reduces to the inversion of a pentadiagonal matrix. For full details see [36, 44] In Figure 2 a typical result is shown for flow on a horizontal surface. The rate at which fluid impacts on the surface is W · n = −0.5 exp(−3.16s ridge increases until around t = 10 after which the height remains constant. The shape of the capillary ridge may be determined approximately using the method described in [4, 36, 37] .
After t = 5 the film profile behind the ridge is determined by the balance between air shear and the incoming fluid. In this case the bulk film shape may be determined analytically
Matching the bulk and ridge solutions then provides a profile against which the numerical solution may be verified. However, since the results are too close to distinguish, only the numerical solution is shown in Figure 2 . Further details may be found in [4] . The numerical solution has also been checked against the explicit solution method described in [4] . The curves match almost exactly, however the current calculation took approximately thirty seconds (fifty times less than the explicit solution).
Figure 2 near here
When the surface is inclined, with gravity acting against the shear stress, the evolution of the water layer is very different. Figure 3 shows the film profile for flow on a surface inclined at 20
• to the horizontal, again with a shear stress A 1 = 1 and Bg · e 1 = −0.857, at times t = 1, 3, 4, 4.5, 5, 7, 9, 11, 15. The example has been chosen so that gravity almost balances the shear. At early times the fluid height reflects the incoming Gaussian profile. As the height increases motion to the right occurs, due to the shear stress, and to the left, due to gravity.
The fluid on the right initially forms a capillary ridge which grows in height, until a critical value around h = 1.2, when it ceases to grow and starts to spread out. The fluid continues to flow in this manner, with no discernible leading capillary ridge. This phenomenon has been observed in surface tension gradient driven flows [41] . At the left-hand edge of this flat region the fluid dips. Moving further to the left the height increases to the gravity dominated region which behaves in a more usual manner, with a capillary ridge forming at early times.
The ridge increases in height, to a certain value, and a flat bulk flow region begins to form behind the ridge at later times. ). These could be calculated implicitly but they would add non-pentadiagonal terms to the matrix. If the cross terms are evaluated explicitly then the film height may be determined by inverting two pentadiagonal matrices, see [27, 38] . Again all the explicit terms are evaluated using the Roe and Sweby scheme with the Superbee limiter. 
The space and time-steps employed in the calculation were ∆s 1 = ∆s 2 = 0.0015, ∆t = 0.0005 and the figure shows the result at t = 15. Shear and gravity forces are mainly acting along the diagonal joining the left and the right corners.
This example includes the different patterns likely to develop for this type of flow:
• The left extremity of the curve is mainly driven by gravity, see the enlargement in 5 (a). Two waves appear on the side of the flow due to the gravity driven spreading perpendicular to the main flow direction. These two waves join and form a single capillary ridge which ends at a high peak. This shape strongly resembles the two dimensional curves described in the previous section.
• The right extremity of the flow shows a very different pattern, as may be observed from the enlargement in Figure 5 (b). The front forms a semi-circular flat plateau, surrounded by small side waves created by the balance between gravity driven spreading and surface tension. There is a distinct step, ∆h ≈ 0.2 from the bulk height to the plateau height.
• Between the two fronts, the bulk region consists of an approximately flat section which then slowly increases in height away from the right. At the left extremity the bulk region levels off again before the peak is reached. The sides of this region display a 
Coupled flow and accretion
As mentioned before, there is an initial period when only dry accretion occurs. In which case the thickness is determined by equation (36) . The discretised form is
Fluid appears when a point or area of the top surface reaches the fusion temperature. The accretion profile at this time is specified by equation (43) . When fluid appears, equation (51) which is coupled to the flow equation (32) . In discrete form these are
However, the extent of the wet domain is not known a priori. In order to determine which model, dry or wet accretion, is appropriate at a given point, the following method is used:
• The fluid and accretion heights are calculated using equations (84) and (85). These require that b k i,j = 0. For this reason, a precursor ice film b p is specified (typically this is taken the same as the fluid precursor, b p = 0.05).
• If the new calculated film height is greater than the precursor film, h k i,j > h p , the wet accretion model is taken as correct.
• If the new calculated fluid height is smaller than the precursor film, h k i,j < h p , this means that the accretion is dry. The calculated value for the film height is replaced by the precursor film, h p , and the new ice height is calculated using equation (83).
As the model stands, mass is not conserved. The problem occurs at the interface between wet and dry accretion. At the dry side of the accretion, the flux takes a small constant value due to the presence of the precursor film. At the wet side, the flux depends on the height from the neighbouring points and therefore the wet and dry flux values are not necessarily the same on either side of the interface. To correct this deficiency, in dry regions, equation (83) is modified to:
Since the flux is constant in the precursor film, the new term on the right hand side is only non-zero at the dry/wet interface. This method ensures continuity and physically sensible results for the film height as well as mass conservation. 
Flow and accretion on a sphere
Accretion on a sphere is now studied for the case of a gravity driven film. The two coordinates s 1 and s 2 are defined as the lengths along the parallels and meridians respectively. However, for clarity, the results will be shown using the two spherical coordinate angles φ and θ.
Gravity acts in the direction of increasing θ.
The simulation is carried out with the following parameters: 
Flow and accretion on an aerofoil
A more practical application of the current theory will now be described, that of ice accretion on an aerofoil. This is particularly relevant to ice growth on aircraft and wind turbines, see [8, 11, 45] for example.
A good approximation to the top half of a NACA0012 aerofoil (with constant crosssection) is R = (x(p), y(p), z) where Figures   7 (a), (b) show the ice and water thicknesses on the aerofoil at times t = 500, 1000, 1500 (corresponding to 3, 6, 9 minutes). Initially the ice shape is proportional to the collection efficiency, so there is a high peak in the centre and no ice beyond |s| = 1. Since the ambient conditions are mild, water appears at an early time, t = 7, and starts to produce ice away from this region. When t = 500 the ice extends to |s| ≈ 1.3, at t = 1500 the ice reaches |s| ≈ 2.2. The ice shape is relatively difficult to interpret due to the competing effects.
However, it is likely that a peak occurs at the centre because the water impacting in this region is removed very slowly. Near the stagnation point the shear stress is low and the only driving force is gravity. The thin water film therefore moves very slowly and provides a large source for new ice. Away from this region the air shear drives the fluid outwards to extend the limits of the ice region.
The water film, shown in Figure 7 (b) has two peaks around |s| = 0.7. These are caused by the water (except in the immediate vicinity of s = 0) being driven away from the centre.
As the fluid moves to the thin ice region it starts to freeze and so the water height decreases rapidly near the accretion edge.
Conclusion
A model for the flow of a thin, accreting film has been developed. In the absence of solidification, the model for fluid flow is the first fully three-dimensional thin film formulation on an arbitrary surface described in the literature. As such it can be applied to a wide variety of physically realistic thin film free surface flows. The various limiting cases of this model have been shown to capture previous systems on flat and curved surfaces in both two and three dimensions and also clarified the conditions under which these models are valid. When solidification is included the model can be reduced to a previous one concerning ice accretion on a flat surface.
There are a vast number of papers dealing with thin film free surface flows. These concern not only the different applications and flow regimes but also the mathematical properties Water height s coordinate Figure 9 : (a) Ice thickness on aerofoil at t = 500, 1000, 1500 (b) corresponding water thickness
